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Abstract 

We show that the exact solution of the two-superbody problem in N = 2 
Chern Simons supergravity in 2+1 dimensions leads to a supermultiplet of 
space-times characterized by the two gauge invariant observables of the super 
Poincare group. The metric of this space-time supermultiplet can be cast into 
the form of a spinning cone in which the coordinates do not commute or of 
a spinning cone with an additional finite discrete dimension. Some of the in- 
teresting features of this universe and their possible physical implications are 
discussed in the light of a corresponding observation by Witten. 
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It has been known for sometime that supergravity theories in 2+1 dimensions 
can be formulated as Chern Simons gauge theories of the corresponding supergroups 
[1-4]. The main focus of the present work is to explore the physical properties of 
the emerging space-time when supersymmetric matter is coupled to these theories 
in a super Poincare gauge invariant manner. Although much of what we describe is 
applicable to any supergravity theory, for defmiteness we will consider the N = 2 
Chern Simons gauge theory of the super Poincare group. 

It has been pointed out recently that the two-superbody problem in TV = 2 Chern 
Simons supergravity is exactly solvable [5] . We will give below a physical interpreta- 
tion of this solution and show that it possesses a supersymmetric space-time structure 
[6]. In arriving at this conclusion, one of the issues we will address is the question of 
the asymptotic observables associated with such a supersymmetric space-time. In this 
connection, Henneaux has analyzed the metrical field theory of supergravity (with- 
out matter) in 2+1 dimensions [7]. Assuming that the space-time is asymptotically 
conical, he concludes that, like momenta, supercharges are not among the asymp- 
totic observables of the supergravity theory. This is a consequence of the fact that 
there are no asymptotically covariantly constant spinors in such a conical geometry. 
In our case, we couple supersources (superparticles) to the Chern Simons supergrav- 
ity in a super Poincare invariant manner, so that our theory is not strictly a field 
theory. We find, not surprisingly, that the supersymmetry generators are again not 
among the asymptotic observables in our approach. We point out, however, that 
in analogy with the Poincare Chern Simons gravity case [8], where the two asymp- 
totic observables, i.e., mass and spin, are Casimir invariants of the Poincare group, 
the asymptotic observables of the super Poincare Chern Simons supergravity must 
also be identified with the Casimir invariants of the super Poincare group associated 
with an equivalent one-superbody state described in [5]. We show that the emerging 
supersymmetric space-time is characterized by these invariants. After establishing 
these results, we compare the physical consequences of the picture which emerges 
with what is expected in the framework of an observation by Witten [9,10] 

To provide the reader with some background and to make contact with previ- 
ous works, we begin with a brief discussion of supersources which are to be coupled 
to the Chern Simons action for the super Poincare group and their invariants. It 
will be recalled [8] that in the case of Poincare gravity the sources(particles) can 
be viewed as irreducible representations of the Poincare group in the same way as 
these representations are used in particle physics in 3 + 1 dimensions. Similarly, we 
take a superparticle(supersource) to be an irreducible representation of the super 
Poincare group. From this point of view, a superparticle is an irreducible supermul- 
tiplet consisting of several Poincare states related to each other by the action of the 
supersymmetry generators. Clearly, this can be done for a simple or an extended 
supersymmetry with or without central charges. But in the interest of explicitness, 
we will consider in detail the N = 2 super Poincare group. The N = 2 super Poincare 
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algebra in 2+1 dimensions can be written as [6] 



r to, Tbi 

[J , J ] = 


-« J c ; 


[P , P j = 


[J a ,p b ] = 


-ie abc P c ; 


[p a ,gj = 


[J a ,Qa] = 




[P<\Q a ]=0 


[J a ,Q' a ] = 


-MM ; 


{<5a,<5/3} = 


{Qa, Qp} z 


= ~~ °" a/3 ! 


{Qa,^} = 


a = 0, 1,2 




a = 1,2 



The indices of the two component spinor charges Q a and are raised and lowered 
by the antisymmetric metric e Q/3 with e 12 = — e\2 = 1. the S'0(1, 2) matrices a a satisfy 
the Clifford algebra 

W a ,* b } = \v ab (2) 
where ?] afe is the Minkowski metric with signature (+,—,—). We also have 

O*a0 = (Oa%/3 (3) 

It is convenient to take the matrices a a to be 

o 1 ( 1 \ ! 1 / i \ 2 1 /0l\ ... 
a =2(0 -1 j ; ^ = 2(^ J ; Si" 1 J () 

The two Casimir operators of the super Poincare group are given by 

Ci = P 2 = V ab P a P b (5) 
C 2 = r) ab P a J b + e^Q' a Q p (6) 

The first of these is the same as the Casimir operator of the Poincare subgroup, so that 
its eigenvalues can be identified with the square of the mass of the superparticle. Since 
the Pauli-Liubanski operator (or its square) does not commute with supersymmetry 
transformations, it must be supplemented with the second term on the right hand side 
of equation (6) to obtain a super Poincare invariant. We will designate its eigenvalues 
as mc2- 

Irreducible representations of the N = 2 super Poincare group in 2+1 dimensions 
can be constructed along the same lines as those in 3+1 dimensions [11]. We note 
that without loss of generality we can work in a frame in which the supermultiplet is 
at rest. Then the no n- vanishing anti-commutators of the superalgebra simplify to 

Tfi 

{Qi,Q , 2 } = {Q 2 ,Q , 1 } = y (7) 

Thus Q a and Q' a , a — 1,2, form a Clifford algebra. We define a Clifford vacuum 
state , \Q > by the requirement 

Q a \Q>=0 ; a = 1,2 (8) 
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It is easy to verify that such a state exists within every supermultiplet and that it is 
an eigenstate of C 1 and C 2 : 



d\n> = m 2 \Q> (9) 
C 2 \tt > = mc 2 \tt > (10) 

From the definition of the Clifford vacuum state in the rest frame of the superparticle, 
it follows that 

C 2 \tt > = P-J\tt> 

= ms°\tt> (11) 
= ms\Q > 

where we identify the eigenvalue, s, of the operator s° with the spin of the state \Q >. 
So, the Clifford vacuum state is a Poincare state with mass m and spin s: 



Consider, next, the states 



and 

It is easy to verify that 



\Q>=\m,s> (12) 

\Qi > = Q[\n>, (13) 

\n 2 > = q' 2 \q > (14) 

\n 12 >= Q[Q' 2 \n > (is) 



s 0| Qi> = (s _i)| Qi> (16) 

s°\n 2 > = (s + ^)\n 1 > (17) 
s °\n 12 > = s \n 12 > (is) 

These three Poincare states together with the Clifford vacuum state form an Irre- 
ducible supermultiplet of N = 2 super Poincare group in 2+1 dimensions, which 
we call a superparticle. Each supermultiplet is distinguished by its mass m and the 
eigenvalue c 2 = s, where s is the spin of the Clifford vacuum state. We will refer to 
c 2 as the superspin of the multiplet. 

One interesting feature which distinguishes the representations of the Poincare 
group in 2+1 dimensions from those in 3 + 1 dimensions is that in 2+1 dimensions 
the little group of time-like momenta is 5*0(2), so that the spin of a Poincare state 
is not limited to integer and half integer values and can be any real number. The 
spins of the states within a supermultiplet are fixed once the value of c 2 is specified. 
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For example, for c% = \, the resulting N = 2 supermultiplet is a vector multiplet 
consisting of a spin zero, two spin 1/2, and one spin one Poincare states. 

For later use, we give here an explicit realization of the N = 2 super Poincare 
algebra by extending the phase space variables p a and q a of the Poincare group to 
their supersymmetric form: 

p a >p A = (p a ,p a ) ; q a ► q A = (q a , q a ) (19) 

In terms of these variables, the generators of the super Poincare algebra take the form 

P a = id a ; Q a = ~d a ; Q' a = i(o a ) a pq p d a 

J a = e abc q b p c + {a a )iq a d p + s a (20) 

We now turn to the action of the two-superbody problem [5]. For the super 
Poincare algebra, the connection can be written as 

A, = e;P a + u; J a + x^Qa + ^ a Q' a (21) 
Then, the Chern Simons action for the super Poincare group can be written as 

Ics = \l {v b c[e b A(2du c + e c da u; d Au; a )} 

-t a p[x a A (d - ia a cu a )^ + ip a A(d- la^x^} (22) 
This action is invariant under the local infinitesimal gauge transformations 

5 An = d^u + i [Ap, u] (23) 

where 

u = p a P a + r a J a + u a Q a + u' a Q' a (24) 

As in the case of Poincare gravity [8], the manifold M is specified by its topology and 
is not to be identified with space-time which will emerge (see below) as an output of 
this gauge theory. 

To couple (super) sources to this Chern Simons theory, we proceed in a manner 
similar to the way sources were coupled to the Poincare Chern Simons theory. From 
the discussion of the supermultiplets given above, we conclude that the logical can- 
didates for our supersources are the irreducible representations of the N = 2 super 
Poincare group. Then each supersource can be coupled to the N = 2 Chern Simons 
supergravity by an action of the form [5] 

Is= I dT{p a d T q a -e a pp a d T qP-t»(e;p a + uZj a -te a p X y 
J c 

+(vpUCy) + Ai(p 2 - m 2 ) + A 2 (c 2 - s)} (25) 

where r is an invariant parameter along the trajectory C . Also, mc2 is an eigenvalue 
of the second Casimir operator of the super Poincare group, and s is the spin of the 
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Clifford vacuum state of the supermultiplet. The choice of the constraint multiplying 
A2 is crucial in relating the eigenvalue of the second Casimir invariant, c 2 , of the 
superalgebra to the spin content of a supermutiplet. For more than one source, one 
can add an action of this type for each source. In the presence of supersources the 
topology of the manifold is modified. But the field strengths still vanish outside 
supersources, and the theory is locally trivial. 

It was shown in reference [5] that the exact gauge invariant observables of the two- 
superbody system can be obtained in terms of Wilson loops. They may be viewed as 
the Casimir invariants of an equivalent one-superbody state, as was done in Chern 
Simons gravity [8]. We will refer to these invariants as H and C 2 . As we have 
seen above, their eigenvalues determine mass(energy) and spin(angular momentum) 
content the supermultiplet. They constitute the asymptotic observables of the two- 
superbody system. Here we simply quote the expressions from which H and C 2 can 
be computed exactly [5,6]. Since the invariant H is the same as that for the Poincare 
algebra, it is given by [8] 

H mi m 2 Pi- Pi . m i . m 2 , nr >\ 

cos — = cos — cos sm — sm — (26) 

2 2 2 m x m 2 2 2 v 1 

To obtain C 2 , define the quantity |Z±| according to 

\Z±\ = [H 2 ±2C 2 } 1 i (27) 



Also define 

W R (C ) = (2 cos J^±i _ i)(2cos^J - 1) (28) 
Then in terms of the invariants of the two-superbody system we have 

W R (C ) = W x W y (29) 



where 



W x = {l + 2(cos^-l) + 2(cos^-l) 

-2(|xi||x 2 |) {x 1 ■ x 2 - eapq-L q%) sm — sin 
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+ (NN)- 2 (cos^ - l)(cos^ - 1) (30) 

x[ \xi\ 2 \x 2 \ 2 + Aie abc xlx\(a) a ^q^ + (xlf(x a 2 ) 2 
-2x\x a 2 e a ^q^ + e a ^ 1& q^qlq{q 2 ]} 

In this expression,with k — 1,2, and x A = (x a , q a ), we have 

4 = p a k +f k ; € = pt+f k (3i) 
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The factor W y has exactly the same structure as W x with x A — > y A = (y a , q' a ), where 

Vl=vl-3t ; q'k=P a k -Jk (32) 

Having obtained the gauge invariant observables of the two- superbody system, we 
now turn to the structure of the corresponding space-time. In studying the properties 
of this space-time, we are guided by the space-time structure which emerged from the 
dynamics of the two-body system in Poincare Chern Simons gravity [8]. There it 
was shown that, by a suitable choice of gauge, the spacial components of the relative 
phase space variable q of the two-body system specify a cone with the deficit angle H 
given by equation (26). In terms of the gauge fixed variables, aside from the specific 
significance of H and s in the present context, the expression for the line element has 
the same form as is known for any spinning cone [12] : 

ds * = d g/2 _ rfr 2 _ r 2 d(f) f2 (33) 

Or in terms of more familiar coordinates 

ds 2 = {dq _ |^ )2 _ dr 2 _ a 2 r 2 d(f) 2 (34) 

The coordinates in these equivalent expressions are related by 

g'° = g'V,0') = g°-|^ (35) 

and 

q' — exprr°J q (36) 

where 

r° = (l-^) = «0 = 0' (37) 

In the supersymmetric case, the situation is somewhat more complicated. To see 
why, we note that in both cases we can associate our gauge invariant observables to 
a reduced one-(super)body state. In the pure gravity case, such a state is a single 
Poincare state, but in the supersymmetric case it is a supermultiplet consisting of 
several (four for N = 2) Poincare states. As stated above, in the case of Poincare 
Chern Simons theory, the structure of the emerging space-time and its asymptotic 
observables are completely determined by the numerical values of the two (gauge in- 
variant) Casimir invariants of the reduced one-body Poincare state. To see how this 
picture generalizes for the two-superbody system, we recall that our two supersources 
are characterized by charges (p A ,j A ) and (p A ,j A ) with the corresponding canonical 
coordinates q A and q A , respectively. Without loss of generality, let the first super- 
source be at rest at the origin, i. e. , q± — 0. Then q 2 = q can be viewed as a relative 
coordinate. As in pure gravity, we parametrize q by its polar components: q = (r, </>). 
By fixing q\ = 0, we have again made a choice of gauge which fixes all the N = 2 
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super Poincare gauge transformations except for the spatial rotations generated by 
J° and translations along q°. To fix these, consider first the same transformation 
as specified by equations (36) and (37). Being an element of iV = 2 super Poincare 
group, this transformation leaves the Casimir invariants H and c 2 unchanged. But 

— * 

again the q' is no longer 2ir periodic and satisfies the matching conditions for the 
coordinates on a cone characterized by the deficit angle (3 — H. 

Up to this point, everything looks the same as in Poincare gravity space-time. 
However, essential differences appear when we try to gauge fix the translations along 
q°. It will be recalled from our discussion of supersources that an iV = 2 supermul- 
tiplet at rest with Casimir invariants H and c 2 consists of four Poincare states with 
the following spin eigenvalues : 

P-J\H,c 2 ,s 1 > = H(c2-^)\m,c 2 , Sl > (38) 

P ■ J\H, c 2 , s 2 > = Hc 2 \m,c 2 ,s 2 > (39) 
P ■ J\H,c 2 ,s 3 > = Hc 2 \m,c 2 ,s 3 > (40) 

P ■ J\H,c 2 ,s 4 > = H(c 2 + ^)\m,c 2 ,s 4 > (41) 

Let us compare this supermultiplet with the Poincare state obtained in the reduction 
of Poincare Chern Simons gravity. In the latter case, it was possible to further fix 
the gauge in q° direction by the transformation (35) which involved the spin of the 
Poincare state. Clearly, this is no longer possible for a supermultiplet consisting of 
Poincare states of different spins. This makes it impossible for a single metric of 
the form (34) or (35) to describe all the spin states of our equivalent one-superbody 
multiplet. So, to describe all the spin states corresponding to our gauge invariant 
observables H and c 2 , we generalize the usual notion of a line element to an "operator 
line element" which acts on the supermultiplet of Poincare states. This operator has 
the form 

dg* = {dg _ Sd^Y _ dr 2 _ a 2 r 2 d(j) 2 (42) 

where now S = is the spin operator of the supersymmetry algebra. We could also 
regard H and hence a as an operator in the expression (42). But since H is a Casimir 
operator and has the same eigenvalue for all the states of a supermultiplet, we may 
replace it with its eigenvalue throughout. When this operator line element acts on a 
state of a supermultiplet, we can replace S with the spin eigenvalue of that state and 
hence specify the corresponding space-time. It therefore follows that the description 
of all the spin states of the equivalent one-body supermultiplet requires a multiplet of 
space-times equal in number to the dimension of the supermultiplet (four for N = 2). 
The line elements for the members of this space-time multiplet, with k — 1, ..,4, are 
given by 

ds l = ( rfg _ £^ )2 _ dy ,2 _ a 2 r 2 d(j) 2 (43) 

2tt 
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The line element operator in equation (42) is not invariant under supersymmetry 
transformations, and it transforms in the same way as the Poincare states within a 
supermultiplet. In other words, for k = 1, .., 4 the line elements in equation (43) form 
an irreducible representation of the N = 2 supersymmetry and are completely de- 
termined by the asymptotic observables H and C^. Thus, the space-time description 
of the two-super- body system coupled to the super Poincare Chern Simons action 
requires not just one but a supermultiplet of space-times. One way to view this su- 
persymmetric space-time is to regard it as an ordinary space-time with an additional 
finite discrete dimension. It is also interesting to note that we can still write the 
metric operator (42) in same form as (33) by defining 



<f> = g° - g (44) 

But then it is clear that the coordinates of such a generalized conical geometry will 
no longer be c-numbers and will not commute with each other. 

It will be instructive to compare our results with the conclusions of Henneaux 
who analyzed metrical supergravity in 2+1 dimensions [7]. Assuming that the space- 
time is asymptotically conical, he showed that there are no Killing spinors associated 
with the supersymmetric generators so that the supercharges cannot be asymptotic 
observables. From our point of view, the asymptotic observables of the Chern Si- 
mons supergravity coupled to (super)matter are the Casimir invariants (H, c 2 ) which 
label the equivalent one-superbody state. It is, therefore, not surprising that there 
are no observables associated with (odd) supersymmetry generators. It is the invari- 
ant C2 which is an asymptotic observable and signals the presence of supersymmetry. 
Moreover, as we have seen, to realize the local supersymmetry, one needs not just 
one conical space-time but a supermultiplet of them spanning an irreducible repre- 
sentation of (N = 2) supersymmetry. The supersymmetry generators act as ladder 
operators relating the spinning cones within the space-time supermultiplet. 

Let us consider some physical consequences of the supersymmetric space-time 
which emerges from the above analysis and compare them with Witten's observa- 
tions [9]. Although both pictures arise in 2+1 dimensions, it is conceivable that one 
or both might have 3+1 dimensional analogues. Drawing on the specific features of 
the conical geometry mentioned above, Witten pointed out the interesting possibil- 
ity that in 2+1 dimensions one can, in principle, arrange for the vanishing of the 
cosmological constant without having the equality of masses for members of a su- 
permultiplet. In the supersymmetric space-time which emerges from our formalism, 
supersymmetry remains exact, and particles in a supermultiplet will have the same 
mass. However, the superpartners will reside in different members of the space-time 
supermultiplet, thus making their direct detection non-trivial. From this point of 
view, any hope of detecting the superpartners of the known particles will rest on 
supersymmetry remaining unbroken. Otherwise, the superpartners will end up in 
disconnected universes. We emphasize that such supersymmetric worlds may turn 
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out to be peculiar to 2+1 dimensions only. But still it would be of interest to see how 
one can experimentally establish or rule out the existence of such a superworld. We 
hope to address this question elsewhere. 

We would like to thank F. Ardalan for discussions and helpful suggestions. This 
work was supported in part by the Department of Energy under the contract No. 
DOE-FG02-84ER40153. 
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